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Abstract 

Here is discussed generalization of Clifford algebras, P-dimensional 
Weyl-Clifford algebras T(n, Z) with n generators it satisfying equation 

i® originated from two basic and well 
known constructions: representation of Clifford algebras via tensor prod¬ 
ucts of Pauli matrices together with extension for Z > 2 using Weyl com¬ 
mutation relations. Presentation of such general topics here may not pre¬ 
tend to entire originality or completeness and it is rather a preliminary 
excursus into this very broad and interesting area of research. 


1 Introduction 

Clifford algebras let us write “square root” of a quadratic form —Q{x,y) Q. If 
—Q{x,y) is Euclidean distance Q{x,x) = it corresponds to simple 

expressions || for generators tk of real Clifford algebra C[+(n): 

fc=i fc=i 

(where I is unit of the algebra, often omitted further for simplicity) and so 

“f — ‘^^jk- (t.2) 

It was real case and it is also useful to consider 2"-dimensional universal complex 
Clifford algebra €[(n,C) [^. 

In the paper is discussed natural question about polynomial analogue of 
this construction, i.e. “Z-th root” of polynomial P{x) = J2k=i^k described by 
noncommutative Lame equatior^ 

n ^ n 

(i: Xkik^ Xk&C (1.3) 

_ k^l k^l 

* E-mail: Alexander. VlaaovOPObox. spbu. ru 

^See footnote gon page H for short historical reference. 
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with tfc are n generators of a complex algebra T(n, 1); T(n, 2) = £[(n, C). 

In can be shown, that Eq. o follows from a polynomial analogue of 
Eq. (|^, z.e. 

Ijtk = Ctktj {j < k), {tkY = I. (1.4) 

where ^ is primitive l-th root of unit 


_ p27i-i/i 


C = e 


(1.5) 


and a proof is considered in Sec. g. It is not discussed here, if Eq. (1.4) is 
necessary condition for Eq. (0), but instead of C defined by Eq. (|l.5|) it is 
possible to use = C™ if m and I are relatively prime. 

In Sec. ^ are described matrix representation of algebras T(n, 1) based on 
straightforward generalization of a Clifford algebra construction. In Sec. ^ the 
algebras and a limit I —> oo are discussed as particular case of Weyl represen¬ 
tation of Heisenberg commutation relations. Due to such representations and 
properties of T(n, 1) here is used term Weyl-Clifford algebras. It should be men¬ 
tioned also, that formally T(n, 1) is also particular example of general object, 
known as an algebra of guantum affine space |||], but it is not discussed here, 
because this paper is not devoted to immense theory of quantum groups ||, ^ 
having alternative prerequisites. 


2 Noncommutative Lame equation 


Let us consider a proof of Eq. ( |l.3| ) for an algebra defined by Eqs. ( |l.4|l-5D . It is 
convenient to consider even more general case, when in Eq. (0) is not specified 
condition = I and write instead of Eq. (0) 


=^cUi- 


( 2 . 1 ) 

k^l k^l 

For simplicity of proof here is suggested, that all ik in Eq. ( 0 ) are invertible. 

Let us prove first a lemma., that if I, r are two elements of an associative 
algebra satisfying properties: 

Ir = Ctl (C = 3r 

then for any coefficients a,b G <C 

{al + bxy = a‘Y+b‘xK 
Proof: For invertible I it is possible to write 


= I, 


( 2 . 2 ) 


(2.3) 


{al + bxY = {a + bxl ^)l(a-f6rl ^)l---(a + ^^f = 

= (a -I- 6rl~^)(a -I- • • • (® + 


(2.4) 

(2.5) 


where Eq. (2.5) produced from Eq. ( ^.4[ ) by sequential transition of all terms 
I at right side of expression using relation l(rl~^) = ^(rl“^)l following from 
Eq. (|^. 
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Let us note, that if cc is a complex number, it is possible to write 


{x - l){x - ()(x - C^) • • • (a; - C' =x‘ - 1, 


( 2 . 6 ) 


because (k = 0,..., I — 1) are I different roots of x* — 1 = 0. The analogue of 
Eq. (^) for homogeneous polynomials with two variables^ x, y G C is (c/. with 
formal substitution x —> x/y): 

(x - y)(x - Cy)ix - C^y) • • • (x - C'"V) = x‘ - y\ (2.7) 

or after change y ^ —y: 

(x + y)(x + C,y){x + C^y) • • • (x + C'”^y) = a:' + (-1)'"^', (2.8) 


but because Eq. (2.8) is pure algebraic identity, it is possible to write instead of 
x,y G C any commuting elements a, b of an algebra 


i-i 


ab = ba => ]^(a + C''b) = a'+ (-l)'-ib'. 


(2.9) 




Using Eq. (2.9) with a = al and b = hx\ , it is possible to rewrite Eq. (2.5) 


i-i 

(al + 5r)' = (P[(a + C''tf^))f' = a'l'+ (-l)'“i6'(rl~^)'l' = aH^+ (2.10) 

fc =0 


where (rl ^)* = C * = (—1)* 


Note: For more rigor way to produce Eq. (2.9) from Eq. (2.6), it is 

possible to consider polynomials Vki (A) defined by relation 


(x - l)(x - A)(x - A^) • • • (x — A* ^) = ^ rfci(A)x*’ 

fe =0 


then for 1-th root of unit, (^: = S^o — Ski due to Eq. (2.6), but 

product in Eq. (^) is represented as series Ylk=o ^fc*(C)tt*’(“b)‘“*^ and 
we have necessary result. 

The similar idea may be used for proof of the Eq. (2.3) without additional 
condition about existence of 1“^. It could be enough to show 


i 

(r = Arl {al + bxY = (2.11) 

_ k=0 

^ In mid XIX century Lame, Kummer tried to use the decomposition Eq. ( ^.7| ) with natural 
X, y for proof of Fermat’s Last Theorem. If for algebraic numbers a = oq -b aif + a 2 C^ + ■ ■ ■ 
with natural ai theorem about uniqueness of factorization were true, like for usual natural 
numbers, then it would produce proof of the great Fermat theorem, but Liouville, Kummer 
et al show, that factorization is not necessary unique and so such proof has a flaw. There is 
quite plausible hypothesis, that Fermat himself also had it in mind, writing about “too narrow 
margins”. 
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Such approach makes possible to prove Eq. (2.1) without additional con¬ 


dition about invertibility of tfc, but it is not discussed in present paper. 


The “A-deformed binomial coefficients” in Eq. (2.11) sometime are de¬ 
noted as 

(-1)*-V,,(A)=[*], 

and may be explicitly written as B 




[fe]A!R-fc]A! 


, [fe]A = 


A'" - 1 
A- 1 


[fc]A!=nbiA- 

J=0 j=l 


It should be mentioned also, that because the proof is based on Eq. (2.6) 
with I different roots of unit, the same condition is satisfied for any substitution 
C —> if number j is coprime for I, i.e. does not have common divisors with 1. 
If I is prime, j may be any natural number 0 < j < 1. Only for Clifford algebras, 
i.e. 1 = 2 the construction does not produce any new nontrivial solution. 

Using formula Eq . (^.Sj ) with different elements r, I satisfying Eq. (2.2), it is 
simple to prove Eq. (2.1) for any natural number n. First, let us consider two 
elements ti, t 2 (n = 2): 

tlt2=Ct2tl. (2.12) 

The Eq. ( |2.lD for ti, t 2 follows from Eq. (2.3) with I = ti and r = t 2 : 


(uiti + tt2t2) — "b (^ 2 ^ 2 - 


(2.13) 


Now Eq. © i s pr oved for n = 2. For other n > 2 it is possible to use 
induction: let Eq. (|2.l| ) be true for some n > 2 and prove it for n + 1. It is 
enough to use Eq. (|2.3|) for 


l = t„+i, r = y^gfctfc, 


(2.14) 


fc=i 


These elements satisfy Eq. (2.2); I is invertible (but r maybe not, for example, 
if tj. = I and J2k=i ~ 0, then r" = 0 and ^r“^) and in+ix = C^tn-i-i because 
tn+iik = Ctfct„+i for all terms tk {k < n + 1) in r. So we have 


n+1 

(n- 


) — 


n 

(E ( 


k^l 


Clkik) = CL 


tl 


n+1 ^n+1 




n ^ 


k^l 


n+1 


I 


tl 


-^n+l ^n+1 


E “ E 


k=l 


k=l 


and Eq. (^) is prove d for all n > 0 by induction. □ 

It also proves Eq. (|l.3|), because tj. = I for generators of T(n,/), they are 


i- 


all invertible = i). 


and algebra is associative by definition. 
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3 Representations of Weyl—Clifford Algebras 

Representations of Weyl-Clifford algebras defined by Eqs. ( p..4| , |1.5D and satisfy¬ 
ing Eq. 0 ) may be originated from two basic constructions: universal Clifford 
algebras €[(n,C) = X(n, 2) and Weyl pair representation of T(2,Z). Construc¬ 
tion of T(2n, 1) from Weyl representation ||] of Heisenberg relation with n co¬ 
ordinates and momenta used below has analogy with construction of Clifford 
algebra €l{2n, C) represented as tensor product of complex 2x2 matrices (Pauli 
matrices) Note: Description of representation %{2n,l) here is close to [Q. 

3.1 Clifford Algebras 

Let <Ji, < 72 , <T 3 = i<Ti(T 2 are Pauli matrices 

=( j ly ^^2= ( j 7) , 'Ta= (j (3.1) 

These matrices satisfy equations Eq. ( |1.2| ) for three generators of Clifford 
algebra 

<T^ = I, Cr f^CT j = CTjCTf^^ (1-^) 

but if to consider universal Clifford algebras without extra relations between 
generators like <73 = i< 7 i< 72 , then any two Pauli matrices, say < 7 i, < 72 , may be 
used as generators of £1(2, C) represented as algebra C(2 x 2) of all complex 
2 x 2 matrices. _ 

Due to Eq. (El may be maximum 2 " different products for n generators 
and the Clifford algebras with maximal dimension, £[(n, C) are called universal, 
because of homomorphism to any other (associative) Clifford algebra with n 
generators 

e:[(2n,C) ^ C(2" X 2"), e:[(2n-kl,C) ^C(2" X 2")0C(2" X 2’"). (3.3) 

As generators of Cl[( 2 n, C) may be used 2n elements: 

t2k-l = <73(g)---(g)<73(g)<7i(g)I(g)---(g)I, (3.4) 

V_^/ V_^^ 

k—1 n—k 

<^2k = 0'3 0 ■ ■ ■ 0 <73 0 <72 0 1 0 ■ ■ ■ 0 1 , (3.5) 

k—1 n—k 


where k = 1,..., n. 

Representation of £I(2n-|-1, C) also may be based on the same construction, 
it is enough to consider it as subalgebra of C(2"+^ x 2"’+^) = C(2" x 2")C)C(2x 2) 
with last generator defined as 

e 2 n+i = cr3 0 • ■ ■ (g) <73 . ( 3 . 6 ) 

n+1 

Because <73 together with I produce algebra D(2,C) of all diagonal 2x2 
complex matrices, £l(2n -|- 1, C) = £l(2n, C) (g) D{2, C) = £[(2n, C) 0 £[(2n, C). 
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It should be mentioned also, that the algebra, of course, may be defined as 
subalgebra of £[( 2 n + 2 , C) without last generator e 2 n +2 described by Eq. ( |3.5D 
for k = n + 1. The construction Eq. ( |3.6D of e 2 n+i (with 0-3 in last term) 
instead of Eq. ( p.4D (for generator e 2 „+i of Ci[(2n + 2,C) with cri in last term) 
is convenient only because (T 3 is diagonal for this particular representation. 


3.2 Weyl pair 

Weyl relations ^ are similar with Eq. d) for n = 2 

UV = C,VU, = = (3,7) 

If U and V are linear operator on Z-dimensional space, then C* = 1 follows 
from Eq. (|3.7D, because dei{UV) = det(CE17) = det{UV) and det{UV) 7 ^ 0. 
Elements t/‘ and commute with all other elements of group generated by C/, 
V and for irreducible representation must be proportional to unit due to Schur 
lemma [^. It is possible to choose = It using unessential complex 

multiplier and so we have precisely generators of T( 2 , 1). 

A natural example of matrix representation is Weyl pair i.e. two I x I 
unitary matrices: 


/ 

0 

1 

0 . 

. 0 



/ 

1 

0 

0 

0 



0 

0 

1 . 

. 0 




0 

C 

0 

0 








, = 


0 

0 


0 



0 

0 

0 . 

. 1 









V 

1 

0 

0 . 

. 0 



1 

0 

0 

0 

... c'-' 

/ 


It is clear, that if det(t/E) = 0, the inference used above to prove C* = 1 
does not work, and it is really possible to suggest solution for arbitrary A S C. 
Let us consider matrices 


/ 0 

1 

0 .. 

0 ^ 


/ 1 

0 

0 

0 

\ 


0 

0 

1 .. 

0 


0 

A 

0 

0 







, i/^ = 

0 

0 

A2 

0 


. (3.9) 

0 

0 

0 .. 

1 








\ « 

0 

0 .. 

0 J 


V 0 

0 

0 

... A'-i 

J 



In Eq. (^) was used U = and V = V‘^ only with 
and it is possible to write for any A G C 


1, but for S = 


SV^ = XV^S, det(5')=0, |A| 7 ^ 1 => (E^)V (^^)“^- (3-10) 

The Eq. ( 3.10| ) has nontrivial I X I matrix representation for any Z > 1. 

Let us consider instead of matrices U, V Eq. ( ^.SD two other matrices U', 
V defined as 

V = M-'^UM, V' = M-^VM, (3.11) 
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where M is arbitrary unitary matrix. It is clear, Weyl relations Eq. also 
true for the matrices U', V. 

Note: Formally in definition of below could be possible to use ar¬ 

bitrary nonsingular matrices U', V, det{U'V') yf 0, but such matrices again 


might be expressed using U, V via Eq. (3.11) with nonsingular matrix M. 

It is also true, that any matrices satisfying Weyl relations Eq. (ED may be 
expressed using Weyl pair Eq. (3.S) via Eq. (3.11) for some matrix M up to 


unessential complex multiplier, i.e. all Weyl pairs are (unitary) equivalent. 

An o utline of proof follows. Let us consider matrices C/', V satisfying 
Eq. (^) and let e is eigenvector of V with eigenvalue then 


V'e = fie => C,V'U'e = U'V'e = U'yLe ^ W(t7'e) = (^/C)(t/'e). (3.12) 

So {U'e) is oth er eig envector of V with eigenvalue (/r/C) and sequential applica¬ 
tion of U' Eq. ( 3.12| ) generates all I different eigenvectors of V' with eigenvalues 
fc = 0,... — 1. It is possible to choose e^^'> = U'^e as basis of vector 

space. In the basis U' and V are represented as U, V Eq. (^), because U' 
performs left cyclic shift of elements of basis i-^ g(fc-imodz) y/ jg 

diagonal by definition The Eq. (3.11) is simply formula of 

transformation to the new basis . If matrices U) V are unitary, then matrix 
of transformation M also should be unitary and |^| = 1. □ 

As an interesting example, let us find transformation F for pair 


U'= V-^ = F-^UF, V' = U = F-^VF. 


(3.13) 


Eigenvectors of E', i.e. U may be simply found. Let us start with f = 
(1,1 ,..., l)/v^ and write 

/('=) = [/"=/ ^ (/W)j-= ^ Efcj = (3-14) 


The unitary matrix F defined by Eq. ( |3.14| ) is called discrete (or quantum) 
Fourier transform. 


It should be mentioned also, that if I is not prime, then Eq. (3.7) together 


with discussed representation for ( = exp(27ri/Z), has nonequivalent reducible 
representations for any factor m, I = mk and = exp(27ri/fc) with 

matrices 

U' = t/™, V = V, ($M: U' = M-^UM). (3.15) 

The representation is r edu cible, because it is equivalent with direct sum of 
m representations Eq. (^) with dimensions k ll = mk), i.e. with tf, 

© 7=1 


Let us consider case 1 = 2. Here is U = cri and V = cr 3 . There are three 
Pauli matrices and for general case Z > 2 it is also possible to define together 
with [/ and V third matrix and use it for definition of X(n, 1) similar with 
constructions of generators of Clifford algebras described above. 
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But here is necessary to mention some difference between case I = 2 and the 
general case I > 2. Let us consider Eq. o for three generators: 


tlt2 = Ct2tl, t2t3 = Ct3t2, tits = eta tl- 


(3.16) 


Here is clear, that ti,t 2 ,t 3 in Eq. ( 3.16 ) are not equivalent {ordered triple), 
unlike the case with changed order in last equation {cyclic triple) 


tlt2 = Ct2tl, t2t3 = Ct3t2, t3tl = C^lts, 


but for / = 2 both set of equations are the same because C, = = — 1 for I = 2 

and all three Pauli matrices have equal status. Another difference of case I > 2 
is because due to inequality 7 ^ tk, there are few different ways to construct 
an analogue of “Pauli triple” Eq. (^). Many different variants of triples with 
U, V, U~^ = W, V~^ = and products are represented on a diagram Fig. |^. 





Figure 1: The diagram. Arrow from A to i? means AB = (BA. 


On the diagram it is possible to see different ordered triples with property 
Eq. (3.16) together with cyclic ones. All ordered triples are appropriate for 
construction of X(n, 1) used below. In the paper are discussed only few different 
combinations. For example it is useful sometime to use initial Weyl pair U, V 
Eq. (3.8) as two first generators 


= U, 


= V, 


= vU'^V. 


(3.17) 


where complex coefficient 


= ^(i+l)/2 ^ g77i(J+l)/Z 


(3.18) 











is used to satisfy condition {t'^Y = I. 
Other choice [R 


Ti = U, t 2 = vUV, r-i = V 


(3.19) 


is convenient for construction of representation in Sec. 3.3 due to direct analogy 


with Pauli matrices used for construction of Clifford algebras above in Sec. 3.1 
say for ^ = 2: = cr^ and also T3 is always diagonal like 0-3. 

Even all appropriate triples on the diagr am F ig. are only small part of 
possible variants, because similarly with Eq. ( |3.11 ), it is possible to write most 
general choice 


r'l = M-^UM, 


= M" VM, 


t' = lyM-^UWM = 


(3.20) 


where M is arbitrary unitary (or nonsingular) matrix, if we are looking for 
unitary (nonsingular ) rep resentations. All triples on diagram Fig. ^ may be 
expressed using Eq. (3.2C). 


The triples produce some example of T(3, ^), but here, similarly with uni¬ 
versal Clifford algebras, it is useful to consider case with maximal dimension for 
given set of generators. Due to Eq. ( |l.4| ) it must be no more than Z” linearly in- 
depe nde nt products of n generators T(n, 1 ) and construction provided below in 
Sec. 3.3 has this maximal dimension Z" as complex algebra. Generators ti = Z7 
and i 2 = V may be appropriate for T(2, Z) if to prove that P different products 
fc, 7 = 0,..., Z — 1 are basis for algebra of Z x Z complex matrices and so 
T(Z,2) ^C(Z X Z). 

Let us consider usual basis E°‘^ of Z x Z complex matrices: = SajSbk, 

a,b,j,k = 1,...,Z. All matrices of this basis are possible to express as lin¬ 
ear combinations of U^VY U^, VY because E^^ = — 

jji-a+i^iiUb-i_ gQ jjkyj j ^ 0, ...,Z- 1 are basis of C(Z x Z). 

Both U and V may be expressed with any pair of elements between triple 
Ti, ^ 2 , T 3 (or t 7 , , Tg) and so any such pair may be also use d as generators 


of T(2, Z). Certainly, it is also true in general case with r(, Eq. (|3.19|) . 


3.3 Representations of X(n, 1 ) 

Similarly with case Z = 2 with Clifford algebras discussed below, generators of 
T(2n, Z) may be represented as 


t 2 fe-l = T3(g)---(g)T3(g)Ti(g)I(g)---(g)I, 

^ ^ ^ 'S ^ ✓ 

k—1 n—k 

t2fc = X3 (g) • • • (g) Tg (g) T2 0 I 0 • ■ • 0 I, 

k—1 n-k 


(3.21) 

(3.22) 


where fc = 1 ,..., n. _ _ 

To check that these 2n generators tj Eqs. (3.21,3.22) satisfy Eqs. (1.4,1.5) 
it is enough to consider three different cases: 
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1 - t 2 fe-lt 2 fe = Ct 2 fct 2 fe- 1 , fc > 1 


2 . 


t2fc_i=X3(g)---(g)T3(g) Ti 

'-'-' I 

k—1 

t2fe = T3(8)---®T3(g) T2 

t2fe-lt2fc+j = Ct2/c+j t2fc-l; ^ > 1;J > 1 

t2fc-l= 7~3<8’- - -<8>T3 (8) Ti 
fc— 1 

t 2 fe+j = r 3 (g) ■ • • (g) T 3 (g) T 3 

t2fet2fc+j = Ct2fe+jt2fc,fc > l,j > 1 

t 2 fe = T3 g ■ ■ • g T3 g T 2 
k—1 

t2k+j=T3 g ■ ■ • g T3 g T3 


glg---gl 
^ ^ > 

n—k 

gig---gi 


gig---gi 
^ ^ > 

n—k 

‘SiTi'Sl ■■ ■ 


g ig •• • g I 

n—k 

iSiTiiS) ■■ ■ 


where Ti are arbitrary (i = 1, 2, 3). In each case only one pair of terms marked 
by ‘I’ in both tensor produ cts, is not commutative and any such pair has proper 
order (12, 13, 23), cf. Eq. ( 3.16 ). Other property, = I is also true, because 
'’"i = "^2 = '’■3 = I- So Eq. (Ed) is proved for all tj. 

It is also p ossible to check that different products of 2n elements Ij 
Eqs. ( 3.21 , 3^2^ generate full matrix algebra C(l" x Z”) = <C{1 x Z)®". Let 
us denote 

Ti-k ^Ig-’-glgTiglg-'-gl. (3.23) 


fe-i 


It is possible to express Eq. (|3.23) using tj 


n—k 


^3;fc “ ^^2fe-1^2fej Ti-^k — t2fc-l'r3.3 


3;fc-l’ 


T 2 ;fc = hkTl .3 ■ ■ ■ (3.24) 


where 12 is complex coefficient defined in Eq. ( 3.1§| ). It was shown earlier that 
j,k = 0,..., Z — 1 are basis of C(Z x Z) and so 2n elements Ti-k, T 2 ;fc 


TiT 


1 ' 2 i 


generate C(Z"- x Z"). 


So T(2n, Z) = C(Z" x Z"). Let us prove, that T(2n + 1, Z) = 0* C(Z"’ x Z"). It 
also has analogue with Clifford algebra. T(2n+ 1, Z) is considered as subalgebra 
of C(Z”+i X Z”+i) ^ C(Z” X r) g C(Z X Z) with last generator 


t2n+l — T3 ' 


> T3- 


(3.25) 


n+1 


Here again T 3 = V generates algebra D{l,C) of all diagonal I x Z complex 
matrices and so T(2n+1, Z) = C(Z"xZ")gD(Z, C) = 0* C(Z"xZ"’) = 0* T(2n, Z). 
It is also possible to consider T(2n+1, Z) as subalgebra of T(2n+2, Z) — similarly 
with Clifford algebra in such a case instead of Eq. (3.25) is used generator of 
T(2n + 2,1) next to the last, i.e. t 2 ra+i described by Eq. (3.21) for Zc = n + 1 
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with Ti in last term instead of T 3 . Algebra generated by such elements is not 
algebra of all diagonal matrices D{l,C), but isomorphic with it. 

It is proved that all Weyl-Clifford algebras ‘Z{n,l) have maximal dimensions 
and may be represented as 


T(2n, 1) ^ C{r X r), T(2n + 1,0= ^(271, 1) ^ 


>T{2n,l).a (3.26) 


Of course, in such matrix representation instead of E g. (|3.19| ) in generators 
Eqs. ( ^.21 ,3.22) etc. could be used any other triple r' Eg. (3.20) (see for example 
Egs. ([4.29, 4.30) below), but it is more general to consider 


t' = Af-HjM, 


(3.27) 


where for T(2n, 0 and X(2n — 1,1), represented as subalgebra of %{2n,l), 
M G GL(2",C) (or M G 1/(2") for unitary representations). 


4 Weyl relations and %{n, oo) 

In this section is discussed, how X(n, 1) is related with Weyl representation of 
Heisenberg commutation relations with non-canonical commutator form. 


4.1 Weyl — Heisenberg relations 


It was shown in Sec. |3.2| , that for finite-dimensional case Weyl pair Eg. (3.7) is 
example of %{2,l) generators Eg. ( 0 ) and might be represented by matrices 
Eg. (3.8), but Weyl constructions for infinite-dimensional space I = 00 and 
arbitrary finite n let us also introduce T(n, 00 ). 

For I = 00 Weyl relations based on n-parametric group: 

W{t) = = eH*i‘:i+‘2C2 + -+t„c„)^ 

where Cfc some operators on infinite-dimensional Hilbert space with property: 

[Cj, Cfc] = — i^/cj-®-, (4.2) 

where hkj is antisymmetric commutator form h{-, •). For two real vectors of 
parameters t, t', and elements of group W expressed by Eg. (O) with Eg. ([4.2D , 
it is possible to write general form of Weyl relations 0 

W{t)W{t') = (4.3) 

For even n = 2m commutator form h may be represented in canonical way 

/ 0 1 0 0 ... \ 

-1 0 0 0 


hr, — 


0 0 
0 -1 


(4.4) 


V ; / 
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In such a case for 2m operators Ck is used notation 

ffc = C2fe-i, qfe = C2fc, (4.5) 

called canonical coordinates and momenta, commutation relations Eq. ( |4.2| ) are 
rewriting for canonical form he in such notations as 


[qfcjpj] 


(4.6) 


and coincide with Heisenberg commutation rela tion s. 

In such a case instead of one group W Eq. (O) can be used two groups 


(4.7) 

(4.8) 


C/(a) = t/(ai, 02, ■■■,am)= 

V{b) = Vibi,b 2 , ...,bm)= + 

with properties 

U{a)U{a') =U{a + a'), V{b)V{b') = U{b + b'), (4.9) 

{i.e. U and V are m-parametric abelian groups of transformations) and 

U{a)V{b) = e‘(“’''V(6)17(a), (4.10) 

(where (a, b) is real scalar product) known as canonical form of Weyl relations. 
It is possible also to consider m pairs of one-parameter abelian groups 


17fe(a)=e‘“Ps Vk(b) = 


and rewrite Eq. (4.10) as 

Uk(a)Vk(b) = e‘“'’I4(6)t/fc(a), Uk(a)Vj(b) = E,(6)t7fc(a), k ^ j. 


(4.11) 


(4.12) 


Formally Eq. ( [1.12| ) follows from Eq. (|4.6| ) if to use Campbell-Hausdorff 
series (for operators with property^ [a, [a, b]] = [b, [a, b]] = 0) 




(4.13) 


In simplest case of n = 2 there is pair of operators 

U{a)V{b)=e^^'^V{h)U{a), t/(a)=e‘“P, E(6) = e'^^ a,beR. (4.14) 

The continuous case can be considered as limit 1 —> oo of operators 
Eq. (3.8), because due to Eq. & it was possible to write in “discrete” case an 
analogue of Eq. ( 1.14 ) 

uayb ^ ^2^iab/lybjja^ a, 6 G Z. (4.15) 

^Such formal calculations with th e seri es are not necessary correct for unbounded operatc^s 
and in more rigor consideration Eq. (1.12) does not follow from Eq. ([l.q) for arbitrary p, q [y. 
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In the limit I —> oo instead of vector space C * we have space of complex-valued 
functions '0(5')) 9 £ R and operators 


17(a): 0 ( 9 ) 1 -^ 0(5 +a), y(6):0(g) 1 -^ e*'’'5'0(g) 

with infinitesimal generators in Eq. (4.14) are represented as 

1 dip 


p:ipiq) 


i dq ' 


q:0(q) 1 -^ qipiq). 


(4.16) 


(4.17) 


It is Schrodinger representation of Heisenberg commutation relation^ 

Case with n = 2m > 2 is similar, for finite I it is possible to consider pairs 
of operators 


Uk = 


k-l 


Efe = I, 


it/®! 
>V 


1 . 


m—k 

I (g) • • ■ (g) I 


(4.18) 

(4.19) 


k-l 


^—k 


where k = 1,... ,m and U, V are I x I unitary matrices Eq. (PI); Matrices Uk 
and 14 are generators of C(Z"* x I"') similar with tk in Eqs. (3.21, ^)^ ). 

For continuous case I -i- 00 instead of vector space C* we have space of 
complex-valued functions ip{q) = ip{qi ,. ■ ■, qm), Q £ and operators 

Uk{a): 0(..., gfc,...) 1 -^ 0(..., gfc -h a,...), Vk{b)-. ip{q) ^ e‘'"^'=0(q) (4.20) 


with infinitesimal generators in Eq. (1.11) are written in the Schrodinger repre- 
sentationpl as 

1 50 

Pk- 0 ( 9 ) 0 ( 9 ) ^ 9fe 0 ( 9 )- (4-21) 

4.2 Weyl — Clifford relations 


Let us return to general Weyl construction of grou p W (t) Eq. (4.1) for operators 
Cfc with arbitrary c omm utator form hkj Eq. (O). It is possible rewrite general 
Weyl relation Eq. (|4.3|) with arbitrary form as 


Wk{tk)Wjit,) = 0'‘'“^‘'“‘^H0(0)Wfc(4), Wk{t) = e^'C (4.22) 


It is similar with Eqs. (I .4 1.5) for equal tk = t, where 


i = y/2TTjl 


(4.23) 


4lt was already mentioned, that Weyl r elat ions like Eq. ( [4.12| ) are not rigor consequence 
of Heisenberg commutation relations Eq. (4.6) due to some technical problems with opera¬ 


tors series. Here is discussed opposite implication from Weyl pair to Heisenberg relations in 
Schrodinger representation — rigor consideration of the statement is subject of von Neumann 
uniqueness theorem 1^. 

^Von Neumann uniqueness theorem is true for any finite m ||4[|. 
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and special commutator form h = h^, where 


0 

1 

1 

1 

1 

-1 

0 

1 

1 

1 

-1 

-1 

0 

1 

1 

-1 

-1 

-1 

0 

1 

t-H 

1 

-1 

-1 

-1 

0 


V ; ■■■ ; 


because for such a choice we can rewrite 


Eq. (t4.22[) 


as 


Wk{i)Wj(i) = CWjii)Wk(i), k < j. 


(4.24) 


(4.25) 


Let us consider linear transformation to new set of generators in Weyl group 
W Eq. o with some matrix G 


GkjCj. 

i=i 


(4.26) 


For such transformation commutator form Eq. (4.2) may be rewritten using 
matrix notation: 

h' = GhG^, (4.27) 

where G^ is transposed matrix]^. 

Matrices L of ap propr iate transformations Eq. ( 4.27 ): ht. = LhcL"^ from he 
Eq. (OUo ht Eq. (|I^) , can be fo und using comparison of generators Uk,Vk 
Eqs. ( 4.18 , 4.19 ) and t 2 fe-i,t 2 fe Eqs. ( ^1.21 , 3.22 ). For example 


/ 1 

0 

0 

0 

0 

0 

• \ 

1 

1 

0 

0 

0 

0 


0 

1 

1 

0 

0 

0 


0 

1 

1 

1 

0 

0 


0 

1 

0 

1 

1 

0 


0 

1 

0 

1 

1 

1 


V • • 



• / 


(4.28) 


but here is convenient to use triple Eq. ( 3.17 ) instead of Eq. ( ^.igj ) together 
with other representation of X(n, 1 ) 


^2k-i = afe(t7V)(8)---(8)(C/V) (g)t/(g)I(g)---(g)I, (4.29) 

k—l 

= ak{U^V)<»---<»{U'<V) (4.30) 

k-l 

^ Cf. with transformation of matrix of quadratic form, i.e. q' = G^qG. 
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where fc > 1 and ak = C _ Using Eqs. (4.1?, 4.19) and Eq. (3.17), it 

is possible to write 


fc-i fe-i 

= ockUk n iP]V,), = akVk n P]V,). 

J=1 i=i 


In exponential form it can be written 


^2k-l — ^ ^ ^ ^2fc — ^k^ 




(4.31) 


(4.32) 


i.e. can be described by transformation Eq. (4.26) with matrix 


L’ = 


/ 1 

0 

0 

0 

0 

0 

• \ 

0 

1 

0 

0 

0 

0 


-1 

1 

1 

0 

0 

0 


-1 

1 

0 

1 

0 

0 


-1 

1 

-1 

1 

1 

0 


-1 

1 

-1 

1 

0 

1 


V • • 



• / 


(4.33) 


The matrix L above Eq. (4.28) was calculated using similar expansion, but with 
Ti Eq. (3.19) instead of r™ Eq. (3.17) used for L' Eq. (4.33). 


It is possible also to check directly, that matrices Eq. (4.28) and Eq. (4.33) 
describe transformations from ht. to he, i.e. hi = LhcL^ = L'hcL''^. Such test 
was useful, because formally some part of consideration above was based on 
arithmetic of ring Z;, not C. Eor example, using Clifford algebras and Jordan- 
Wigner construction of generators Eqs . (|3.4|3.5| ) with Pauli matrices, it could be 
possible also find a wrong form of Eq. ( 4.33| ) with 1 instead of —1 and same error 
can appear for any I if to use U^~^, V instead of C/1 in some expressions 
above. 

It was shown above, that algebra T(n, 1) for Z —*■ oo may be described by 
usual Weyl construction with special commutator form, but it is clear, that 
there is a problem with condition t(, = I. The condition is more appropriate 
in finite-dimensional case (see explanation after Eq. (3.7) and ^). For infinite¬ 
dimensional case it is useful to consider weakened definition of Weyl-Clifford 
algebra ^{n, 1) without this condition. An example could be based on group W 
Eq. (4.25) already discussed earlier as a stimulus to use commutation form hi 
in construction of Weyl - Clifford algebras, but here is simpler again to “split” 
W into two groups U, V. 

Let us use Ukifl) and 1 4(6) with fixed a, b instead of Uk, 14 in definitions of 
generators t™ in Eq. ( 4.31 ) 


fc-i 


k-l 


i2k-i = Uk{a)l[{P^{a)V,{b)), i2k=Vkib)l[{P^ia)V,{b)), (4.34) 
j=i i=i 


tjik=Ciktj U<k), C = e‘“4 


(4.35) 
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Instead of Eq. dH) it is possible to write Eq. ( ^.iD for given I using Eq. ( [4.35D 
with fixed a ^ 0 and b = 27r/(/a): (X]fe=i The proof of 

Eq. (^) may be found in Sec. ^ (tfc are invertible). The only difference with 
Eq. (O) here are terms tj. ^ I. These elements are central in algebra %{n,l) 
generated by all possible products of VfAj = ij\ (because C* = 1) VA:,j. In 
such a case we have the algebra ‘X(n, 1 ) represented as tensor product of T(n, 1 ) 
on some abelian subalgebra (t{n,l) of %{n,l) (dimC(n, Z) < oo) generated by 

all possible products of n elements t(.. _ 

It is possible to find more general expression instead of Eq. (imi) if to use 
Uk{o,k) and Vk{hk) with pairs ak ^ 0,bk = X/ak for some fixed A 


k-l 


t2fc-i = Uk{ak)^k, i 2 k = Vk{X/ak)^k, 11^ = (tAj(aj)I^ (A/oj)), (4.36) 

i=i 


tjifc — Clfctj (j ^ Zt), ^ — e 


iA 


(4.37) 


and it is also satisfies Eq. © with given power I for X = 2tt/I (and also for 
A = 27rm/Z, i.e. for any rational multiple of 27r it is possible to write Eq. © 
for some 1 ). 

It maybe looks strange, why it was only one appropriate value of parameter 
i Eq. ( 4.23| ) in initial expression Eq. ( 4.25|) with group W and n-parameter 
family Eq. (|4.36D for construction Eq. (|4.34 ) with two groups U,V. Really 
two constructions a re eq ual and have even “bigger” set of solutions, than it is 
represented in Eq. 


Let us consider this complete set. Linear transformation Eq. ( 4.26 ) is called 
symplectic, if it saves canonical form he 


he = SheS'^ 


(4.38) 


Eamily used above in Eq. ( 4.36| ) was based on particular symplectic transforma¬ 
tion diagonal in canonical basis 


/ oi 0 
0 l/oi 


D = 


0 

0 

02 

0 


0 

0 

0 

l/02 


... \ 


(4.39) 




but it is not all possible symplectic transformations, it is only most simple case. 
For nonstandard canonical form h't. also exists group of linear transformations 
N with property 

ht = KhtN"^ (4.40) 
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It was found earlier = LhcL"'" (he = L ^ ) for matrix L Eq. ( 4.28 ) 

and it is possible also to associate N with any symplectic transformation S 


Ns = LSL-\ 

It is simply to check Eq. ( 4.40| ) for Ns 

NshtN'^ = LSL-^htL-^'^ S'^ = LSheS^L^ = LheL^ = ht 


(4.41) 


and so group N Eq. (4.40) is isomorphic with symplectic group. 

Initial expression Eq. ( 4.25| ) looks less general, than Eq. ( 4.34 ) rather due to 
technical problems. 
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